From Truth Tables
to
Rules of Inference

Using the first four Rules of Inference

Modus Ponens, Modus Tollens, Hypothetical
Syllogism and Disjunctive Syllogism



The First Four Rules of Inference

e These rules have lines
that proceed from

. pOq modus ponens (MP)
what is true, (\I/vhat ) p
dppears in a proof q
or ”derivatiOn”, to pOq modus tollens (MT)
what is new under ~q
the line. “P

e The first two lines in pOq hypothetical syllogism (HS)

each of these are =

ao_.* ”
given:, already pvq disjunctive syllogism (DS)
assumed to be true, p

already appearing in a q
proof or derivation.




In each rule:

* Think of the p and g as placeholders for a
“part” of a sentence.

* For example, the p is the first part of a
horseshoe sentence, the q is the second part.

* This Modus Ponens (MP) rule can be applied

to sentences with complex parts:
« (AvB)D(CvD)

p2oq modus ponens (MP)
p - AvB
q * CvD

Always remember that the P is the whole first part of the horseshoe,
and the Q is the whole second part of the horseshoe.



Example:
(1) 1. ~Co(A> 0O
2. ~C
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4. ~A
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* |n this proof, the MP rule is being used on a
horseshoe that has a complex second part.

* Always start by seeing what you have in your
givens (the first lines you see) and then work
your way into the problem by asking which
Rule of Inference you can use on that
particular problem.

e Let’s take it step by step:



When you first see a problem, it will
look like this:

(1) 1. ~Co(A>0
2. ~C / ~A

 You'll see the numbered lines, which are the
“givens”, and a slash /

* Your goal is to have what is behind the slash on a

new line of its own, after applying Rules of
Inference.

* So the first thing you should note is that the first
line is a horseshoe, and the second line is
repeating the first part of the horseshoe: The ~C.



Looking for types of sentences and
their parts in the lines you have:

* Whenever you have a line in the proof that has a
horseshoe, and another line that is the first part
of the horseshoe repeated all by itself, you can do
a Modus Ponens!

(1) 1. ~Co(AD 0O
2. ~C ]
3. ADE 1.2. MP

* To do this Modus Ponens (MP) correctly, be sure
to write the whole second part of the horseshoe
on line 1 on a new line of its own, noting that it
came from lines 1 and 2 by MP. That’s

3.ADC1,2MP



Remember, the final goal...

* The final goal is what is behind the slash, the
/ ~A

So to finish the proof, evaluate what you have in

your lines again, including the new line 3:

(1) 1. sCA=>C)
2. ~C / ~A
3. ADE 1.2. MP

You’ll notice that lines 2 and 3 can be used to
make a Modus Tollens (MT), the second Rule of
Inference in 7.1



Modus Tollens (MT)

2. pOq modus tollens (MT)

~p

* |In Modus Tollens, we have a horseshoe
sentence on a line, and on some other line,
we have a negation in front of the second half
of the horseshoe. We can then write on a new
line a negation in front of the first half of the
horseshoe!




What should we write next?

2. pOq modus tollens (MT)
~q
~P

(1) 1. ~CoAD 0O
2. ~C
3. ASDE



~A

With the line number 4,
followed by lines 2,3 MT

(1) 1. ~Co(A>D 0O
2. ~C / ~
3. ADC ki
4. ~A 2 Wz

4. ~A 2,3 MT

¢J\>>

2, MP
, MT



Here’s an example of Hypothetical
Syllogism, HS:

L. POGDT)

2. O3 (I'S>E

3. P

4. Q /|G>DE
5. 62T 1,3, MP
b, D 2,4, MP
7. GDE 5. 6. HS

HS is used when you have a pair of horseshoe sentences, and one ends the way the other
one begins. In this case, notice that the T is in common between lines 5 and 6.

poOq hypothetical syllogism (HS)
gqor
4 7 8



First, you’ll have the givens and what
you need to prove, in this case, GDE

L. DG
2. OS5 E)
3. P

4. Q /|GDE
Notice that lines 1 and 2 are horseshoes, and these lines begin with a P and with a Q.

That P and Q match lines 3 and 4, so you can do a simple set of Modus Ponens first. Once
you do the Modus Ponens, you can definitely see the Hypothetical Syllogism HS:

L. PGS

2. O3 IS5 E)

3. P

4. O FlryE
e ST 1, 3, MP
6. IDE 2,4, MP
it GDDE 5. 6. HS



* Now let’s look at a sample of Disjunctive
Syllogism DS

L v (DO

2. ~F

3. A /1

4. DOT 1,2. DS
3. T 3,4, MP



NI D T)

D &

* |n this problem, the first line is a wedge
(disjunction), and the second part of it is a
complex horseshoe:

e p=F and g=(D>T)
* |[n order to work out way toward the T after
the slash, we will need to separate out the T

from line 1 by first breaking up the wedge,
and then breaking up the horseshoe.



EN(D DT

~F

D I'T

£ o= B 1,2. DS

Y Ay

* Break up the wedge first, by using a
Disjunctive Syllogism (DS).

* This rule says that if you have a wedge
sentence, and on some other line you have an
added negation on the front of the wedge
sentence, you are able to write the second
half of the wedge on a line by itself.

* Here we have F v (DDT), and ~F, so we can
write DODT on a line by itself.

g S



Fv((D>OT

~F

D [T

8 e B 1.2. DS
/4 3,4, MP
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* The last step to solve the problem is to do a
Modus Ponens MP,

to breakoutthe Tfrom DD T

Then simply write the result:

5. T 3,4 MP



O) 1. ~WD[~WDX>DW))
2. ~W



G) 1. ~WO[~WDXDW)
2. ~W
3. ~ WO (X>o W
4. Xo W
5. ~X
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(6) 1. JD (KDL)
2. LN
3. ~L



O R

. DR

LN

/~K

2,3, 489 DS
1,4, MP
3,5, MT



(/) "1, =§OD
2. ~S v(~D oK)
3. ~D



~SDOD
2. ~Sv(~D oK)

3.

~D
4. ~(~5)
5. ~D oK
6. K

1.

(7)



8) 1. AD (ED~F)
2. Hv(~FOM)
2. A
4. ~H

/E>M



(8) 1.

N AW

A D (ED~F)
Hv(~F2OM)
A

~H

EDi(~r)
~FOM
EDOM



(9) ; Z: (JDP)
3: N:C)D(N:J)
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9) 1. No (JDP)
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(10) 1. GDO[~0D(G>DD)]
2. OvG
3. ~0



(10) 1.

N a2 N

GDO[~02D(GD2D)]

Ov G
~0
G

~0>D(G>DD)
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